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In this work we investigate the probability of violation of local realism under random measure-
ments in parallel with the strength of these violations as described by resistance to white noise
admixture. We address multisetting Bell scenarios involving up to 7 qubits. As a result, in the first
part of this manuscript we report statistical distributions of a quantity reciprocal to the critical vis-
ibility for various multipartite quantum states subjected to random measurements. The statistical
relevance of different classes of multipartite tight Bell inequalities violated with random measure-
ments is investigated. We also introduce the concept of typicality of quantum correlations for pure
states as the probability to generate a nonlocal behaviour with both random state and measurement.
Although this typicality is slightly above 5.3% for the CHSH scenario, for a modest increase in the
number of involved qubits it quickly surpasses 99.99%.
I. INTRODUCTION
The probability of violation of local realism under ran-
dom measurements, proposed in [1], has gained consid-
erable attention as an operational measure of nonclassi-
cality of quantum states [2]. It has been demonstrated
both numerically [3–5] and analytically [2, 6] that this
quantity is a good candidate for a nonlocality measure.
What is more, in [6] it was proved that this quantifier
satisfies some natural properties and expectations for an
operational measure of nonclassicality.
In our approach to quantify nonlocality there are no
prior assumptions about specific Bell inequalities. In-
stead we consider a joint probability distribution that is
equivalent to the analysis of a full set of tight Bell in-
equalities in a given Bell scenario. The probability of
violation is therefore defined as
PV (ρ) =
∫
f(ρ,Ω)dΩ, (1)
where the integration variables correspond to all param-
eters that can vary within a Bell scenario and with
f(ρ,Ω) =


1, if settings lead to violations
of local realism,
0, otherwise.
(2)
Many quantum-informational protocols (as, for exam-
ple, in quantum key distribution, secret sharing, and the
reduction of communication complexity) require states
that “strongly” violate Bell inequalities, however the con-
cept of “strength of violation” is controversial in the
literature. Although definition (1) fairly captures the
nonclassical extent of a state, it seems useful to put
it together with another quantitative description which
addresses the “fragility” of this nonclassicality against
noise. Our approach enables us to report the probabil-
ity that a state exhibits nonclassical correlations when
random measurements are performed on it, and simulta-
neously measure the resistance to noise or to decoherence
embodied by these quantum correlations [7, 8]. An ex-
tensive set of numerical results is presented and discussed
in the next sections.
II. NONLOCALITY STRENGTH
DISTRIBUTIONS
A. Method
Resistance to noise is understood as the amount of
white noise admixture required to completely suppress
the nonclassical character of the original correlations of a
given state ρ. The state is now described by the following
density operator:
ρ(v) = vρ+ (1− v)ρwhitenoise. (3)
The parameter v is called the visibility of the state.
For the states that reveal nonclassicality for a particu-
lar choice of observables, there always exists a critical
visibility vcrit, such that for v ≤ vcrit a local realistic
model can be constructed. The critical visibility provides
us with information about noise resistance of quantum
correlations. The amount of noise for which the state
becomes local will be called the strength of nonlocality
S ≡ 1− vcrit.
Determining the nonlocality strength is a linear pro-
gramming problem. The set of linear equations, which
have to be satisfied assuming local realism, is derived
from linking the marginal quantum probabilities to pre-
existing joint probability distributions for all possible re-
sults of measurements performed on (3). Obvious con-
straints such as normalization of probability and bound-
ing the strength range (0 ≤ S ≤ 1) are also assumed. An
in-depth formulation of this problem and an explanation
of the method harnessed to solve it can be found in [7–9].
2The nonlocality strength is determined for a particu-
lar set of observables used and we report its distribution
obtained with a large statistics of random measurements
applied to a given state. The measurement operators are
sampled according to Haar measure, in the way described
in [3, 10].
In comparison with reference [3], here we are inter-
ested not only in the summary probability that S > 0
for a random observable, but in a detailed probability
distribution of achieving a specific value of the nonlocal-
ity strength g(S). We should also mention the approach
in [8], where the main goal was to optimize vcrit over
all possible measurement settings to provide the minimal
critical visibility for a given state vmincrit related here with
the maximal nonlocality strength Smax = 1− vmincrit .
The probability of violation PV does not provide any
information about the strength of nonlocality, on the one
hand. On the other hand, resistance against noise, al-
though relevant, is not a proper nonlocality quantifier. A
quantity that conveys both ingredients is likely to be use-
ful. Therefore we define the average nonlocality strength:
S¯ =
∫ Smax
0
S g(S) dS. (4)
B. Results
Our main results are collected in the form of his-
tograms (Figs. 1-5). The horizontal axis represents
the nonlocality strength corresponding to the interval:
[S − 0.01,S) and on the vertical axis we have the proba-
bility density function (PDF). All figures are normalized
to a random set of settings drawn in the given experi-
ment, so the areas of the regions bounded by the plots
are exactly the probabilities of violation,
∫
g(S)dS = PV .
The following observations can be drawn from the col-
lected results.
1. Two-qubit states
We study two-qubit states of the form |ψGHZ(α)〉 =
cosα|00〉 + sinα|11〉. Note that we can take the above
Schmidt form without loss of generality, since the PV
function is invariant under local unitary transformations.
In Fig. 1 we can observe the distribution characteris-
tic’s dependence on the number of measurement settings
m1 and m2, respectively for the first and the second ob-
server. When m1 ·m2 < 10 is satisfied, weaker violations
are dominant and for m1 · m2 > 10 this property is re-
versed.
For m1 = m2 → ∞ the plot should look like δ(S −
Smax) (compare with [12]). Here vcrit is related to
KG(3), the Grothendieck constant of order three, as fol-
lows [11]: KG(3) = 1/vcrit = 1/(1 − Smax). From the
known best upper [13] and lower [14] bounds to KG(3),
Smax is bounded as 0.3036 ≤ Smax ≤ 0.3171. With in-
finitely many settings, one can always find such settings
for S < Smax that local realism is violated. We can also
notice the coincidence of nonlocality strength distribu-
tions for the 2× 5 and 3× 3 measurement settings (these
are the ones with the product closest to each other). It is
noted that when ρ in Eq. (3) is the two-qubit maximally
entangled state (i.e. α = 45◦) the single-party expecta-
tion values of ρ(v) vanish. In this case our analysis can
be restricted to the Bell polytope involving only joint
correlation terms. In this reduced space, the polytope is
often called the correlation polytope, and the only facets
in the 3 × m scenarios for m ≥ 2 are the variants of
the CHSH inequality [15]. Hence, the similarity of the
curves corresponding to 2× 5 and 3× 3 scenarios has to
relate to statistical considerations: Applying more than
two settings for at least one party increases the chance
of violation of one of the CHSH-Bell inequalities simply
due to statistical reasons. We observe a similar behavior
for 3× 5 and 4× 4 cases.
From Fig. 2 we know that the more symmetric the state
is the higher are the dominant nonlocality strengths.
The nonlocality strength for all considered numbers of
settings for α = 45◦ are constant and equal to 1− 1/√2
(this value of Smax, corresponding to vcrit = 1/
√
2 for
the scenarios m ×m with m ≤ 5, comes from the stud-
ies in Refs. [16, 17]). However, the averaged nonlocality
strengths decrease/increase with the number of settings
and they are equal to: 0.028 for 2 × 2, 0.110 for 3 × 3,
0.178 for 4× 4 and 0.218 for 5× 5 scenario.
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FIG. 1. Nonlocality strength distributions for the two-qubit
GHZ state with various quantities of measurement settings
for each qubit.
2. Four-qubit states
Very strong violations (high nonlocality strength) are
more probable for the GHZ state than for other promi-
nent families of four-qubit states (Dicke, W, Cluster).
For instance, for nonlocality strength 0.45, the GHZ state
30 0.05 0.10 0.15 0.20 0.25 0.30
7
6
5
2
0
g
(
) 
(%
)
S 3
4
1
45
o
35
o
25
o
15
o
5
o
S
FIG. 2. Nonlocality strength distributions for the two-qubit
generalized GHZ(α) state with 4 × 4 measurement settings
and with selected values of α.
violates Bell inequalities 7.4 times more likely than the
Cluster state. However, the Cluster state surpasses the
GHZ state in intermediate values of nonlocality strength
(see Fig. 3), where for example for S = 0.35 the vio-
lations are observed 1.7 times more often. This suffices
to make the Cluster states attain highest probabilities
of violation among all considered states. Also the aver-
aged nonlocality strength for the Cluster state (0.1843)
is higher than for the GHZ state (0.1624). Here we con-
sidered two settings per party.
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FIG. 3. Nonlocality strength distributions for four-qubit
states.
When analyzing the histogram for the four-qubit W
state we noticed a surprising behavior, namely, a dip for
strengths close to 0.02 (see Fig.4). This was also observed
for the five-qubit W state, but not for three-qubits. A
possible explanation of this feature could be the fact that
there are more than one relevant Bell inequality for the
considered cases with different functions representing the
nonlocality strength. The total nonlocality strength is a
combination of the strengths for those particular inequal-
0.280
0.278
0.280
0.260
0.090
0.110
0.030 0.020.01
3
2
1
0
0.30 0.20.1 0.4
g
(
) 
(%
)
S
S S
W
W
W
3
4
5
W5
W4
W3
FIG. 4. Unexpected behavior of nonlocality strength distri-
butions close to S = 0 for the W states.
ities, which may result in several extremes.
3. Five-qubit states
In Fig. 5 we can compare especial five-qubit states
(GHZ, Dicke, W, linear- and ring cluster states [18]) with
100 random pure states. These states are distinguishable
either because they have maxima at very different values
(|R5〉, |L5〉, |D25〉) or because they present larger variances
(|GHZ〉, |W 〉).
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FIG. 5. Nonlocality strength distributions for especial and
random five qubit states.
III. STATISTICAL RELEVANCE OF FACET
INEQUALITIES
We observe that the probability of violation rapidly
increases with the number of measurement settings.
The first explanation of that fact is statistical. By in-
creasing the number of settings, we increase the probabil-
ity that some of them violate the Bell inequality involving
only two settings (CHSH). For instance, for the experi-
ment with the two qubit GHZ state and 5 measurement
4settings per party one can identify the following families
of Bell inequalities:
〈a1b1 + a1b2 + a2b1 − a2b2〉 ≤ 2, (5)
〈a1b1 − a3b1 + a4b1 + a5b1 − a3b2 − a4b2 − a1b4
+a3b4 − a4b4 + a5b42a1b5 − a3b5 + a4b5〉 ≤ 6, (6)
〈a1b1 + a2b1 − a4b1 − a5b1 − a1b3 + a2b3 − a4b3
+a5b3 − a1b4 + a2b4 − 2a3b4 + a4b4 − a5b4 (7)
−a1b5 + a2b5 + 2a3b5 + a4b5 − a5b5〉 ≤ 8,
〈−a1b1 − a2b1 − a3b1 + 2a4b1 + a5b1 + a1b2
+a4b2 − a5b2 + a1b3 − a3b3 + a4b3 − a5b3
−a3b4 + a4b4 + 2a5b4 + 2a3b5 + a4b5 + a5b5 (8)
+a2b4 + a3b2 + a1b4〉 ≤ 10.
Here 〈aibj〉 denotes an expectation value of the correla-
tion measurement in which the first and the second ob-
servers measure observables ai and bj, respectively. Each
family contains many equivalent inequalities. For exam-
ple, the first family (5) is obtained by replacing settings
ai → ±ak, and bj → ±bl, where k, l ∈ {1, 2, 3, 4, 5}.
We note that all the above Bell inequalities are tight,
that is, they define facets of the Bell local polytope (and
they are facets of the correlation polytope too). The in-
equality (6) is a genuine (4 × 5)-setting Bell inequality,
whereas (7) and (8) are genuine (5 × 5)-setting Bell in-
equalities.
The highest violation strength is observed for inequal-
ities belonging to family (5) in 99.1% of random sets of
settings, (6) in 0.85%, (7) in 0.04% and (8) in 0.01%.
This means that in almost all cases we effectively use
only two out of five settings.
A distinct effect is observed in the case of the three
qubit W state. In this case 14% of observed violations
really involve three measurement settings. One of the
examples of a genuine 3× 3× 3 inequality is:
〈a1 + 5a2 − 5a3 + b1 − a1b1 − a2b1 + 3a3b1 + 3b2 + a1b2
− 2a3b2 + b3 + a1b3 + c1 − 2a1c1 − 2a2c1 + a3c1 + 2b1c1
+ 4a1b1c1 − a2b1c1 + a3b1c1 − 2b2c1 + 2a1b2c1 + 3a2b2c1
− 3a3b2c1 − 5b3c1 + 4a2b3c1 − 3a3b3c1 + a2c2 + a3c2
+ a1b1c2 − 3a2b1c2 − 2a3b1c2 − 3b2c2 − 3a3b2c2 + 3b3c2
+ a1b3c2 − 4a2b3c2 + 2c3 + a1c3 − 2a2c3 + a3c3 − 3b1c3
− 2a1b1c3 + a2b1c3 − 4a3b1c3 + 2b2c3 − 3a1b2c3
+ 3a2b2c3 + 2a3b2c3 − 3b3c3 − 3a3b3c3〉 ≤ 23. (9)
IV. TYPICALITY OF NONLOCALITY
It is known that the set of multipartite entangled states
is large [19]. Obviously almost all random pure states are
entangled. Now one can ask a similar question concern-
ing a more demanding property – nonlocality. What is
N Settings Statistics TV (%) TS
2 2× 2 109 5.32 0.004
3× 3 109 21.99 0.019
4× 4 108 38.43 0.038
5× 5 107 50.04 0.054
6× 6 107 57.98 0.068
7× 7 106 63.63 0.079
8× 8 105 67.83 0.087
9× 9 104 71.23 0.093
10× 10 104 74.34 0.097
11× 11 103 76.80 0.101
3 2× 2× 2 107 42.96 0.034
4 2× 2× 2× 2 108 93.28 0.123
5 2× 2× 2× 2× 2 107 99.88 0.222
6 2× 2× 2× 2× 2× 2 106 > 99.99 0.306
7 2× 2× 2× 2× 2× 2× 2 104 > 99.99 0.377
TABLE I. Typical probability of violation TV and typical non-
locality strength TS for pure random qubit states and random
measurements (one random measurement per random state).
the typical probability of violation TV for a randomly
sampled pure state? In this problem we specify only the
number of qubits N . For two observers we analyze ex-
periments up to 11 settings per side. For three and more
observers, we employed Bell scenarios involving only two
measurement settings. For a given state we verify the vi-
olation only for a single randomly chosen set of settings.
The results are presented in Tab. I. Already for N = 4
we observe a quite high typical probability of violation
(TV > 93%). For N > 4 it is practically equal to 100%.
This means that almost all states violate local realism
for any settings. The result seems to be stronger than
in the case of “typicality of entanglement”, where mea-
surements are optimized. Also, the typical nonlocality
strength TS increases with the number of parties and
settings. The value of TS for two qubits and infinitely
many measurement settings can be bounded from below
by 0.1436. This value comes from the assumption that all
facets of the corresponding Bell polytope are defined only
by the variants of the CHSH inequalities. The nonlocal-
ity strength can be calculated using Horodeckis formula
[20] and averaging over all pure random states.
V. CLOSING REMARKS
In this paper we employed linear programming as a
useful tool to analyze the nonclassical properties of quan-
tum states. We introduced nonlocality strength as a re-
sistance to white noise admixture and verify its statisti-
cal properies. Most of the conclusions were presented in
the previous sections. Here we want to stress that the
overall message of the obtained results is that nonlocal-
ity is a typical phenomenon for multipartite states, i.e.
the probability that a random multipartite state violates
5some Bell inequaltiy for a random set of measurement
settings is close to one.
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